We derive a simple tensor algebraic expression of the modified Eshelby tensor for a spherical inclusion embedded in an arbitrarily anisotropic matrix in terms of three tensor quantities (the fourth-order identity tensor, the elastic stiffness tensor, and the Eshelby tensor) and two scalar quantities (the inclusion radius and interfacial spring constant), when the interfacial damage is modelled as a linear-spring layer of vanishing thickness. We validate the expression for a triclinic crystal involving 21 independent elastic constants against finite element analysis.
Introduction
The mechanical properties of multicomponent alloys and composite structures can be deduced by considering the strain fields in the inclusions and inhomogeneities. The inclusion refers to an embedded material with the identical elastic stiffness tensor L pqrs as the matrix, while the inhomogeneity refers to an embedded material with a different stiffness. Eshelby showed that the strain field inside the ellipsoidal inclusion embedded in an infinite matrix is uniform when the inclusion is subject to a uniform eigenstrain [1] . Eigenstrain refers to the stress-free deformation strain [2] (of the free standing inclusion) associated with thermal expansion [3] , initial strain [4] , or phase transformation [5] [6] [7] . The Eshelby tensor is defined as the fourth-order tensor S ijrs which relates the constrained strain within the inclusion e c ij to the eigenstrain e Ã rs , as e c ij = S ijrs e Ã rs (see [2, 8] ).
One can also obtain the strain field within an ellipsoidal inhomogeneity subject to an external load by transforming the problem into the corresponding equivalent inclusion problem [9, 10] . Hence, the Eshelby tensor can be used to obtain the strain field inside various embedded materials (or defects) such as voids, dislocations, cracks, reinforcements, and precipitations within an infinite matrix [11] . The mean field micromechanics models such as the Mori-Tanaka method and self-consistent method utilize the Eshelby tensor to predict the effective properties of a composite by relating the average macroscopic external strain with the average internal strain field inside inhomogeneities [12] [13] [14] [15] [16] [17] [18] . Owing to the importance of the Eshelby tensor, extensive studies have been devoted to derive its simplified form for various elastic symmetries of the matrix and geometries of the inclusion [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] .
Further developments on the single or multiple inclusion (or inhomogeneity) problem have been made by considering the interfacial damage present in realistic specimen. For example, the interface between the matrix and the reinforcement of composites synthesized through an actual manufacturing process is imperfect due to interfacial roughness, chemical corrosion, or lattice mismatch at the microscopic level [29, 30] . As a first-order approximation of the interfacial damage, J. Qu introduced a linear-spring layer of vanishing thickness [15, 31, 32] at the interface to represent the displacement jump between the inclusion and the matrix. In earlier works, the simplified expressions of the modified Eshelby tensor was obtained which relates the constrained strain with the eigenstrain in the presence of the nonzero interface spring compliance [13, 14, 31, 33] , and was applied to predict the effective stiffness of composites with interfacial damage [15, 16] . They considered the volume averaged constrained strain because the strain field inside the inclusion is known to be non-uniform except for in a special case [11, 31] . Later, Othmani et al. [34] pointed out a mathematical error in the earlier studies [13, 31] where the order of the surface integral and volume integral was exchanged. Such a permutation violates the Fubini-Tonelli theorem [35] because the second derivative of Green's function has a singularity within the integral domain [34, 36] . The singularity of the modified Eshelby tensor reported in earlier works [13] was caused by the violation of the Fubini-Tonelli theorem [35] .
Reflecting the elastic anisotropy in the inclusion problem is also crucial for a realistic description of many technologically important materials. For instance, most polymeric products made by the extrusion process have elastic anisotropy (e.g. transversely isotropic or orthotropic) due to the partial alignment of polymer chains along the extrusion direction [37] . Multicomponent alloys involving low symmetry crystal structures are inherently anisotropic and have more than two independent elastic constants [38, 39] . However, most existing studies that consider the anisotropic matrix do not account for the interfacial damage [19, 40, 41] .
Here, we derive a simple tensor algebraic expression of the modified Eshelby tensor for a spherical inclusion embedded in an arbitrarily anisotropic matrix, when the interfacial damage is modelled as a linear-spring layer of vanishing thickness. The modified Eshelby tensor expression is composed of three tensor quantities (the fourth-order identity tensor, the elastic stiffness tensor, and the Eshelby tensor) and two scalar quantities (the inclusion radius and interfacial spring constant). We theoretically predict the modified Eshelby tensor of a triclinic crystal material, NaAlSi 3 O 8 , with 21 independent elastic constants and validate our results against the numerical results obtained from finite element analysis (FEA). We show that, however, such expression cannot be obtained if the inclusion is non-spherical or if the tangential and normal compliance are not identical because the strain field inside the inclusion becomes non-uniform.
Theory

Eshelby tensor for the perfect interface
We introduce the governing equation for Green's function G ij x À y ð Þin elastostatics, which implies a displacement in the ith direction at point x by the unit body force in the jth direction at point y:
where L ijkl is the fourth-order elastic stiffness tensor, and the repeated indices represent the summation over all values from 1 to 3. Green's function for the isotropic material is available in the closed form as follows:
where m and n are the shear modulus and the Poisson's ratio of the material, respectively, and x À y j jis the norm of vector x À y. For anisotropic materials, the closed form solutions were derived for transversely isotropic and cubic materials [2, 42] .
The schematic for the single inclusion problem is depicted in Figure 1 , which is solved with a four-step procedure. We assume that the inclusion can deform by the eigenstrain e Ã when there is no external displacement or load (step 1). To maintain the original shape, the load T is applied to the inclusion (step 2). Then, the inclusion is plugged into a hole having the original shape and size within an infinite matrix (step 3). After removing the applied load (T), the inclusion exerts a traction of F = À T on the matrix. Owing to the constraining effect of the matrix, the inclusion deforms by the constrained strain e c which is different from the eigenstrain e Ã , and the constrained strain field can be expressed by employing the Green's function as follows:
where s Ã pq = L pqrs e Ã rs À Á is called eigenstress, and ∂O represents the surface of the inclusion. By applying divergence theorem, Equation (3) can be written as When the shape of the inclusion is an ellipsoid, the integral does not depends on x within the inclusion as shown by Eshelby [1] . Hence, the equation becomes a double contraction of the constant Eshelby tensor and eigenstrain for x 2 O. Then, we obtain
Because the eigenstrain and constrained strain are symmetric, the Eshelby tensor has minor symmetry (S ijkl = S jikl = S ijlk ). The closed form of the Eshelby tensor for anisotropic materials is available for cubic and transversely isotropic materials with a specific inclusion shape [2, 43, 44] . In order to calculate the Eshelby tensor for an anisotropic material having a symmetry lower than the transversely isotropic one, we numerically calculate the Eshelby tensor using the formula proposed by Mura [2] :
where,
, and j are Green's function and a vector in the Fourier space, respectively. Because
, where j is a normalized vector. Equation (6) can be evaluated by using the integral variable z 3 and u; thus, j 1 = 1
z with the semi-axes of the ellipsoidal inclusion a i ð Þ.
Interface spring model
Interfacial damage has been accounted for with a few representative methods including the interfacial spring model [11, 15, 31, 45] , interphase model [46] [47] [48] , and interface stress model [49] [50] [51] . The interphase model describes the interface as another phase with a finite layer thickness, and the interface stress model describes the interfacial damage using the interface stress. The interphase model adapts a third phase region along the interface with the appropriate interphase thickness and material properties, which introduce some ambiguities in describing the interfacial damage. The interface stress model assumes a coherent interface that does not account for the displacement jump. In comparison, the linear-spring model does not suffer from these problems and has been applied to a variety of composite problems [11, 12, 14-16, 18, 31, 33, 34, 45] despite of its drawback, the unphysical interpenetration between the matrix and the reinforcement.
In this work, we adopt the interface spring model to consider the interfacial damage, depicted in Figure 2 . A displacement jump occurs at the interface due to the spring layer having a vanishing thickness between the infinite matrix and the single inclusion. The spring compliance is represented by a and b for the tangential and normal directions, respectively, and expressed by Equation (7) in the form of a second order tensor as follows:
where n is the unit outward normal vector at the inclusion surface. The constitutive equations and traction equilibrium equation at the interface are expressed as follows:
where ∂O + À Á and ∂O À ð Þ denote the interface on the matrix and inclusion side, respectively. The finite spring compliances allow slip (tangential) and debonding (normal) between the matrix and inclusion, but at the same time beget unphysical overlapping under compressive traction. An in-depth discussion on this issue is beyond the scope of this paper, and we refer to a previous work concerning the problem [52] . We also note that the spring compliances are assumed to be constant over the entire range of separation distance. Hence, the present model is inadequate to describe the fracture behavior of the composites concerning interfacial failure, while it is applicable to characterize the elastic response. Formulating the Eshelby inclusion problem by adopting the interfacial condition in Equation (8), the constrained strain is written as
As shown in Equation (9), it reproduces the perfect interface case with zero spring compliance (i.e. h ij = 0). Because Equation (9) is an implicit integral equation involving the constrained strain e c ij , it is difficult to obtain the relation between e c ij and e Ã rs , i.e., the modified Eshelby tensor. Zhong et al. showed that, when a = b [ g, the strain field inside the spherical inclusion is uniform as in the case of the perfect interface [11] . Hence, for this special case, the integral equation can be decomposed as follows:
where the fourth-order tensor G ijkl in Equation (10) is defined by
The constrained strain field then can be expressed in a tensor algebraic equation as follows:
where, the colon ':' denotes a double contraction; I is the fourth-order symmetric identity tensor such that I ijkl = 1 2 d ik d jl + d il d jk À Á , and S M is the modified Eshelby tensor. For isotropic materials, by plugging the Green's function expression in Equation (2) into Equation (11), G ijkl can be expressed as follows:
which, already was shown by Othmani et al. [34] , where R is the radius of the inclusion. For the ellipsoidal inclusion case, Equation (10) is not valid because the constrained strain field within the inclusion is non-uniform. We carried out numerical calculations to confirm that the constrained strain field within the inclusion is non-uniform (see Appendix 1) . For the anisotropic spherical inclusion, it is difficult to calculate G ijkl in an explicit form because the closed form of Green's function is not available in general.
Here, without using the Green's function expression, we prove that, for materials having spherical inclusion with an arbitrary elastic anisotropy, the G tensor can be written in terms of the Eshelby tensor for the perfect interface and the elastic stiffness tensor. By using the relation ∂ 2 G im xÀy ð Þ ∂x j ∂y n = À ∂ 2 G im xÀy ð Þ ∂y j ∂y n and applying the divergence theorem to Equation (11), we obtain
Because n q y ð Þ = y q =R for the spherical inclusion, Equation (14) leads to
In Equation (15), the second integral on the right-hand side is the definition of the Eshelby tensor; thus, it can be simplified as follows:
To further simplify the integration in Equation (16), we consider the following equation which is obtained by multiplying y q after differentiating Equation (1) with respect to y j ,
When the divergence theorem is used after integrating Equation (17) for the inclusion volume, it leads to the following equation, and eventually, the integral in Equation (16) is reduced as the fourth-order identity tensor because:
and, thus,
Using Equation (19) , the G for anisotropic matrix can be shown as
Therefore, it is proven that the modified Eshelby tensor S M can be written as follows:
3. Numerical validation
Finite element analysis
To verify the expression for the modified Eshelby tensor, we first computed the Eshelby tensor for the perfect interface by FEA. Because the Eshelby tensor is defined for the infinite matrix, we conducted a series of FEA to check the convergence of the numerically computed Eshelby tensor by changing the size L of the matrix under a fixed inclusion size D = 2mm ð Þ(see Figure 3 ). Due to the jump discontinuity of some of the stress and strain components across the interface, we use sufficiently fine mesh (maximum size: 0.2 mm) at the interface which yields the strain distribution e 11 =e Ã 11 almost identical to that predicted from a much finer mesh model (see Appendix 2) . The computation was performed using the COMSOL software [53] , and about 400,000 quadratic tetrahedron elements were used for L=D = 2:5, 5:0, 7:5, and 10.0. The unit eigenstrain was assigned to the inclusion, and a fixed boundary condition was applied to the outer surface of the matrix (see Figure 3(a) ). In order to implement the perfect bonding assumption at the interface, the 'tie' condition was used, and the Eshelby tensor was obtained from the constrained strain. In this study, we considered the NaAlSi 3 O 8 [54] crystal which has 21 independent elastic constants shown in Table 1 . We plotted six diagonal components in the Eshelby tensor (S IJIJ , here I and J are not dummy index) for various L=D (see Figure 3(b) ). If the edge length of the matrix is 10 times longer than the diameter of the inclusion L . 10D ð Þ , that results from the FEA agree well with the theoretical values predicted by Equation (6) . Because the FEA results are obtained under a fixed boundary condition at the outer surface, the theoretical value can be regarded as the upper bound for the FEA results. All 36 independent components are summarized in Table 2 .
Modified Eshelby tensor
To calculate the modified Eshelby tensor in Equation (21), the inverse and double contractions of the fourth-order tensor should be conducted. Previous studies have performed inverse or double contractions of the fourth-order tensors which have six or less independent coefficients based on Walpole's notation [12, 18, 55] . However, Walpole's notation is not applicable for an anisotropic material with 21 elastic constants and 36 independent Eshelby tensor components. Hence, in the present study, we adopted the Mandel notation [56] to facilitate the inverse and double inner product operations of the fourth-order tensors. In the Mandel notation, the stress vectors, strain vectorẽ, stiffness matrix L h i, and Eshelby matrix S h i are defined as follows: The prefactors ffiffi ffi 2 p and 2 ensure that the matrix-matrix product and the inverse coincide with the double contraction and the inverse of the fourth-order tensors, respectively. Hence, if A, B are the fourth-order tensor with minor symmetry (A ijkl = A jikl = A ijlk ), and A h i, B h i are the corresponding 6 × 6 matrix following the Mandel notation, we can calculate the double contraction and inverse from the 6 × 6 matrix multiplication and inverse, respectively, as
Thus, we can predict the modified Eshelby tensor using the 6 × 6 matrix multiplication and inverse such that
We note that, when the frequently used Voigt notation for the matrix representation [57] [58] [59] [60] is used, we cannot perform the tensor operations as in Equation (23) and Equation (24) because the transformed 6 × 6 matrices of the stiffness and Eshelby tensor have different prefactors depending on whether it relates stress to the strain (s = L : e) or strain to strain (e c = S : e Ã ) as shown in the following: We compared the theoretical predictions of the modified Eshelby tensor with the FEA results shown in Figure 4 . In the FEA, the interface spring condition at the interface was implemented, and the calculation was performed under the same mesh condition as in Section 3.1, and a L=D ratio of 10 was used. All 36 independent components of the modified Eshelby tensor are well matched with the FEA for the entire range of the interfacial damage. In the limit of the infinite interface spring compliance, all the diagonal components converge to 1, and the off-diagonal components converge to zero because the constrained strain converges to the eigenstrain for infinite compliance (zero stiffness). We can also explain the finding based on the Equation (21) . When the interfacial damage g goes to zero, it reproduces the Eshelby tensor for the perfect interface S, and as g goes to infinite, the modified Eshelby tensor converges to the identity tensor. We computed an invariant of the modified Eshelby tensor, S ijij , both analytically and computationally. The invariant S ijij is known as 3 for the perfect bonding [61] and is expected to be 6 in the limit of the infinite spring compliance because the modified Eshelby tensor converges to the identity tensor (see Equation (21)). Figure 5 shows the invariant bounds between the two limiting values of 3 and 6 for three different materials (NaAlSi 3 O 8 , ammonium tetraoxalate dihydrate (ATO),and parallelepiped Si) having triclinic symmetry [54, 62, 63] (see Figure 5 ). The elastic constants of the ATO and parallelepiped Si are listed in Table 2 . 
Conclusion
We derive a simple tensor algebraic expression for the modified Eshelby tensor for materials with an arbitrary elastic anisotropy when the interfacial damage is described by the interfacial spring model. Once the Eshelby tensor for the perfect interfacial is obtained analytically or numerically, the modified Eshelby tensor can be obtained analytically by a few matrix operations. We validated our theoretical prediction against FEA results for the entire range of interfacial damage and show that the invariant in the modified Eshelby tensor is bounded between 3 and 6. Our finding can be applied to a wide range of composite problems involving interfacial damage and matrices with an elastic anisotropy. by Eshelby, the constrained strain field is uniform for the perfect bonding case, but unlike the spherical inclusion case the strain field within the inclusion is non-uniform when interfacial damage exists, even for small interfacial damage (see Figure 6 ).
To explain the non-uniform strain field, we calculate M 111111 with respect to the x axis of the ellipsoidal for different aspect ratios:
n q y ð Þn l y ð Þdy: ðA1Þ
As shown in Figure 6 (a), M 111111 is constant for the spherical inclusion case (aspect ratio=1). However, M 111111 depends on position x when the aspect ratio is less or larger than 1. Thus, we can explain that Equation (10) is not valid for the ellipsoidal case because the strain field (e c ) within the inclusion is not uniform.
Appendix 2. Meshing in the finite element analyses
We construct 409,591 elements on matrix and 8,718 elements on inclusion for all FEA calculations presented in this study, as depicted in Figure 7 . The maximum size of elements in inclusion is set as 0.2 mm. To demonstrate the mesh convergence with a specific example, we consider the strain distribution e xx =e Ã xx along the radial direction for the NaAlSi 3 O 8 matrix having a spherical inclusion with interfacial spring compliance g = 10 À2 mm=GPa, when e Ã xx . 0 and other eigenstrain components are zero. As shown in Figure 7 , the strain within and outside of the inclusion predicted from our model matches well with the strain predicted from a much finer mesh model. 
